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1 INTRODUCTION 
Moment excitation is often neglected within structural dynamic analysis since it is assumed 
that energy input to structures due to moment excitation is more important in the high 
frequency region. Also, difficulties in measuring the moment and resulting angular 
displacement has been a reason to exclude moment excitation from the analysis of vibrating 
structures. However, it has been shown that moment induced vibrational energy at low 
frequencies is important in the analysis when sources are close in proximity of discontinuities 
[1,2] and particularly if the translatory motion at a discontinuity is constrained [3,4]. 
Vibrational energy transmissions to machinery supporting structures subjected to multi-
excitation systems were studied in [5,6]. However, difficulties occurred with the measurement 
of rotational response at lower frequencies and measurement of moment excitation. An 
investigation of moment excited beam structures using a T-and I-shape exciter configuration 
was of interest in [7,8]. The effects of loading due to moment exciter mass and transducer 
mass have been studied. It was found that two main bias errors when measuring moment 
mobility occurred. The authors suggested that the I-shape exciter configuration is the better 
choice when exciting structures by a applied moment. Moment excitation was applied to a 
simply supported aluminium plate in reference [9]. Two impact hammers to generate a force 
couple separated by a certain distance, acting parallel to each other and in opposite direction 
have been employed. Using this method, different force separation distances had to be taken 
into account when measuring a wide range of frequencies. 
The aim of this paper is to report a novel finite difference based measurement technique to 
measure the moment point mobility and the vibrational input energy to an experimental 
“infinite” rectangular beam. A first order finite difference approximation is used to 
approximate the angular displacement of the beam at the excitation location from recorded 
transverse acceleration signals. These signals were acquired by a pair of closely spaced 
accelerometers around the excitation location. The moment was induced by two opposite 
forces impacting the moment arms that were attached perpendicular to the beam. 
 
 2 THEORY OF THE MOMENT MESURMENT METHOD 
2.1 Moment Point Mobility of an infinite beam 
The displacement of the beam undergoing moment excitation is a sum of complex wave 
functions of right and left propagating wave fields defined as [10]: 
Where, ℜ denotes the real part of the complex displacement, u+(x,t) and u-(x,t) are right hand 
side and left hand side wave fields given by: 
A+ and A− are complex nearfield wave amplitudes, B+ and B− are complex farfield amplitudes 
and, ω is the angular frequency. As shown in Figure 1, the subscript, +, denotes waves going 
into positive x direction (to the right of the excitation location) and the subscript, –, denotes 
wave components going into negative x direction. By applying the following two boundary 
conditions: 
it can be shown that: 
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 Here, E is the Young’s modulus, I is the second moment of area of the beam’s cross section, k 
is the flexural wavenumber and, M0 is the magnitude of the complex excitation moment. 
Moment mobility at any point of the beam is defined as: 
At the excitation location, x=0, the moment point mobility, Y∞M(ω), can be written as: 
 
2.2 Finite Difference approximation of the beam’s angular displacement 
The measurement of the moment point mobility as well as the moment induced input energy 
relies upon measurement of moment and resulting angular velocity, ∂θ/∂t, where, θ is the 
angle of rotation. The moment is calculated by multiplying the measured input force, F1, or, 
F2, by the perpendicular length, d, the forces are separated by. 
The angular velocity is approximated by using a finite difference approximation. The 
measured accelerations, a1, and, a2, from two closely spaced accelerometers around the point 
of excitation location, as shown in Figure 2, can be used to estimate the transverse 
acceleration, a0, at a point midway between the accelerometers, thus, a0≈(a1+a2)/2. The 
angular acceleration, ∂2θ/∂t2, is simply the spatial derivative of the transverse acceleration, a, 
and thus, the following relation can be defined: 
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Fig. 2 Schematic representation of experimental beam including impact fork: top view (not 
to scale). 
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 Time integration of the spatially differentiated transverse acceleration, a′, yields the angular 
velocity, ∂θ/∂t. The angular acceleration, ∂2θ/∂t2, is approximated by using a finite difference 
approximation of two closely spaced accelerometer signals, a1, and, a2. Using a forward 
difference of first order for the two accelerometer signals, the approximated angular 
acceleration, ∂2θ/∂t2, may be written as: 
where, θ0 is the rotational displacement at the excitation location. Multiplying by ( jω)-1 for 
integration purposes, the angular velocity, ∂θ0/∂t, at point of excitation is given by: 
where, Δx is the spacing between the two acceleration sensors, as shown in Figure 2, around 
excitation location. The spacing of the accelerometers is crucial to the range of frequencies 
that can be measured when using a finite difference approximation. Redman-White suggested 
that the accelerometers should be placed within a range of 0.15-0.2 of the wavelength, λ, of 
the highest frequency to be considered [11]. 
 
2.3 Measured point mobility of a beam under moment excitation 
As shown in equation (7) measurement of moment point mobility relies upon measured 
angular displacement, ∂θ/∂t, and measured applied moment, M. Moment point mobility is the 
ratio between the cross-spectral density of the applied moment and the resulting rotational 
velocity, G(M,∂θ/∂t), and the power-spectral density of the applied moment, G(M,M). Hence, 
The power-spectral density of the applied moment is calculated from the product of the two 
impact force signals, F1, or, F2, and the distance of the moment arms, d. In principle, it can be 
assumed that the magnitude of both forces are equal. Thus, F1=F2=F, and hence, the relation 
between moment power-spectral density and force power-spectral density is: 
The cross-spectral density between the applied moment and the resulting rotational velocity, 
G(M,∂θ0/∂t), at the excitation location can be calculated using the cross-spectral density 
between the applied force and the resulting velocity, ∂θ0/∂t. Therefore, 
G(M,∂θ0/∂t)=dG(F,∂θ0/∂t). The rotational velocity at excitation location, ∂θ0/∂t, is 
approximated in this work using a first order finite difference approximation of two closely 
spaced acceleration signals, as shown by equation (11). During the experiment, the cross-
spectral density functions were calculated using the physically closest force transducer to each 
response accelerometer. Thus, the cross-spectral density of the moment and the rotational 
velocity can be written as: 
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 Equation (14) displays the technique of this method by approximating the cross-spectral 
density of applied moment and resulting rotational velocity simply by manipulating the 
measured cross-spectral density between force and transverse acceleration. Under 
consideration of equation (12) the moment point mobility of the beam is given by: 
A major drawback when using a finite difference approximation is the underestimation of the 
true value due to first derivative approximation of the transverse acceleration [11]. Redman-
White suggested a correction factor, kΔx/sin(kΔx), which may be applied to equation (15) as: 
Equation (16) displays the final expression to measure moment point mobility in the beam 
using measured cross-spectral density functions. 
 
2.4 Measured vibrational input energy to a beam under force and moment excitation 
Vibrational input energy can be defined in the frequency domain by using one-sided cross-
spectral density functions. The energy injected into a system is simply the real part of the 
cross-spectral density between force and resulting velocity at the point of input [12,13] and 
thus, Pin( f )F =ℜ{G(F,v)}. In this work, measured input energy due to moment excitation is 
compared with directly measured input energy due to force excitation on the moment arms. 
Hence, two accelerometers were attached on both moment arms opposite the force impact as 
shown in Figure 2. Energy input, Pin( f )Fa, due to force and acceleration is given by [14]: 
where, ℑ{G(F,a)} is the imaginary part of the cross-spectral density between force and 
acceleration response. Analogous to this, the input energy due to moment excitation can be 
written as: 
Substituting equation (14) into (18), and applying the finite difference correction factor, 
kΔx/sin(kΔx), gives the vibrational energy input to a beam due to moment excitation as: 
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 Fig. 3 Photograph of the moment excitation rig. 
2.5 Measured transmitted energy in the beam 
Bending wave energy can be measured using a pair of accelerometers located in the far field 
of the beam. This method is known as the two-accelerometer technique [14]. The cross-
spectral density between both accelerometers, Ga1,a2, is measured and the transmitted 
vibrational energy, Ptrans( f ), is then calculated from the imaginary part of the cross-spectral 
density, Ga1,a2, using the following expression: 
where, ℑ{G(a1,a2)} denotes the imaginary part of the cross-spectral density between both 
acceleration responses, A is the cross-sectional area, ρ is the density, EI denotes the bending 
stiffness of the beam and, Δx is the spacing between the two accelerometers. To compensate 
for the finite-difference approximation error, the transmitted corrected energy,                
(Ptrans( f ))corrected, is defined as [11]: 
 
 
3 EXPERIMENT 
3.1 Experimental excitation rig 
Based on previous investigations [15,16], a special space frame rig has been designed as 
shown in Figure 3. It is made from 1 inch square steel bars to ensure that the rig is sufficiently 
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 heavy to avoid any undesired movement when impacting the beam. Cross-members have 
been incorporated to add stiffness to the structure. The impact fork is welded to a shaft which 
runs in self aligning bearing units.  
Provision has been made to allow for variation in the vertical positioning of the impact 
fork. The use of an exciter held in a static frame allows the direction of the impact forces to be 
consistent between tests, something which poses difficulty when using a pair of impact 
hammers. 
The two arms of the impact fork are displaced opposite from each other to ensure 
perpendicular impact of the fork arms on the beam moment arms, as shown in Figure 2. One 
force transducer is placed on each arm to measure the impact force. Tips, screwed onto the 
force transducer allow point force input on the moment arm and ensure an even distribution of 
force over the force transducer. 
 
3.2 Experimental “infinite” beam 
Two small moment arms, 60 mm in length, 50 mm in depth, and 6 mm in thickness were 
welded to a beam to apply a moment using two impacts on the two moment arms. With such 
small dimensions the mass of the moment arm could be kept to a minimum to minimise bias 
errors in measuring moment and rotational velocity [7,8]. In operation, the moment arms are 
impacted by the impact fork. Both moment arms should have contact at the same point in 
time, ensuring that the forces, F1, and, F2, are equal. If the impact at both sides of the two 
moment arms is not exactly at the same instant in time a extraneous longitudinal force occurs. 
However, this extraneous longitudinal force is acting in direction of low mobility and thus, 
can be neglected. The power spectrum of both impact forces, as shown in Figure 5, can be 
used to judge the quality of excitation. 
In Figure 2 the experimental beam setup is shown schematically. The beam itself 
consists of a mild steel beam, 50 mm wide, 6 mm thick and 3 m long. The beam was 
suspended by two thin wires, which were connected to a rigid support. Each end of the beam 
was embedded in an anechoic termination to avoid reflections at the beam ends by dissipating 
vibrational energy. The anechoic termination consists of two triangular foam wedges and 
sand. The length of the box restricted the lowest frequency to be measured to approximately 
100 Hz. 
Measurements of the moment point mobility as well as the input energy were carried 
out by using translational accelerometers located at different positions on the beam as shown 
in Figure 2. To verify moment input energy measurements, two accelerometers were placed 
opposite the force impact points on the moment arms. Also, two accelerometers placed on 
either side of the excitation location in the far field of the beam were used to measure 
transmitted energy due to moment excitation by employing the two-accelerometer energy 
flow technique [14]. 
 
3.3 Experimental measurement method 
Moment point mobility and vibrational energy measurement results are shown in Figure 4-8 
within a frequency range of 100 Hz to 1000 Hz. Moment point mobility is calculated using 
the measured cross-spectral densities between impact force signals, F1, and, F2, respectively, 
as well as the acceleration signals, a1, and, a2, respectively, around excitation location as 
defined in equation (16). Input energy due to moment excitation is calculated by the measured 
cross-spectral densities used for moment point mobility measurements as shown in equation 
(19). In this work the input energy due to moment excitation is compared to input energy 
measured directly at the point of impact on the moment arms. Measured cross-spectral 
 Fig. 4 Moment point mobility of experimental beam. 
densities between impact forces, F1, and, F2, as well as the resulting responses at the point of 
impact were used in equation (17) to calculate the direct input energy to the moment arms. 
To verify input energy measurements due to moment excitation, transmitted 
vibrational energy has been measured on either side of the beam. The accelerometer pair 
spacing, Δx, as shown in Figure 2, was chosen to be 0.028 m. This distance is approximately 
0.15λ, where, λ is the wavelength of the folding frequency, in this case 1.6 kHz. The spacing, 
Δx, between the accelerometers should be as exactly the same as possible within a range of 
approximately ± 1mm. This tolerance ensures an equal frequency range to be measured with 
all accelerometer pairs. 
Each power-and cross-spectral density measurement was acquired and processed by a 
multi-channel FFT analyser. The record length of the time history data was chosen to be 2 
seconds. This record length as well as the resolution bandwidth of the analyser, Δf =0.5 Hz, 
has been used to change original power-and cross-spectral density quantities into energy 
density quantities by scaling them with these parameters. Thus, the unit shown for the 
measured vibrational energy plots is Joule/Hertz. Ten impacts were carried out to average the 
measured spectral quantities. 
 
 
4 RESULTS AND DISCUSSION 
Figure 4 displays logarithmically the measured, YMmeas, and theoretically determined, Y∞M, 
modulus of the moment point mobility. It can be seen that the measured point mobility 
follows the trend of the equivalent theoretical infinite structure. As expected the slope is 
increasing with increasing frequency which is in contrast to point mobilities due to force 
excitation. The measured moment point mobility is varying around the theoretical determined 
mobility line. The slight variations of the measured mobility curve over frequency is due to 
the fact that the anechoic termination using foam wedges and sand does not work perfectly 
and, hence, vibration maxima and minima occurs. 
At a frequency of approximately 470 Hz the data curve of the measured moment point 
mobility deviates from the theoretical infinite curve The reason for this deviation can be 
explained when considering equation (12) and the plot of the power spectrum of the impact 
 Fig. 5 Power spectrum of both force signals. 
Fig. 6 Moment input energy versus point force input energy. 
forces shown in Figure 5. In theory, impact force measurements have power spectra with zero 
force magnitudes appearing at frequencies inverse to the duration of impact. The first zero 
force magnitude in the power spectrum can be seen at approximately 470 Hz in Figure 5. 
Using the measured power-spectral density in the denominator of equation (12) the cross-
spectral density, G(M,∂θ/∂t), is then divided by zero which erroneously suggests apparent 
resonant behaviour. Thus, it can be realised that the accuracy of impact force measurements is 
affected by the location of the first zero in the force magnitude spectrum. 
In this work the measured moment input energy as given by equation (19) is compared 
to the directly measured input energy as defined by equation (17). The result of such a 
comparison is shown in Figure 6. As it can be seen the moment measured input energy,     
(Pin( f ))M, agrees with the total point force measured input energy, Pin( f )F. The total 
measured input energy, Pin( f )F, shown in Figure 6, is the sum of vibrational energy injected 
into both moment arms. 
 Fig. 7 Moment input energy versus transmitted energy. 
Fig. 8 Moment input energy versus doubled transmitted energy to the right. 
Measured moment input energy is also compared to measured transmitted energy due to 
bending waves. The location of the accelerometers is shown in Figure 2. Figure 7 displays the 
corrected moment input energy, (Pin( f )M)corrected, versus the total of transmitted energy which 
is simply the sum of energy flowing to the left hand side and right hand side of the beam, i.e. 
(Ptrans( f )l +Ptrans( f )r)corrected. It can be seen that input energy and transmitted energy match 
closely, especially at frequencies below 470 Hz. However, the measured transmitted 
vibrational energy is slightly higher than the moment input energy especially above 470 Hz, 
which is in conflict to the energy conservation law. One possible explanation is the difference 
in accelerometer pairs. During the experiment a pair of lightweight ICP accelerometer was 
employed to measure energy flowing to the right hand side of the beam. However, a pair of 
conventional charge type accelerometers was used to measure energy flowing to the left hand 
side of the beam. The charge type accelerometers are much heavier than the ICP 
accelerometers and thus, may have mass loaded the structure. Also, the ICP accelerometers 
are a more closely phase matched pair of accelerometers. For these reasons the transmitted 
 energy measured by the lightweight ICP accelerometers is considered to produce a more 
accurate measurement than the conventional charge type accelerometers. Assuming that the 
transmitted energy, flowing away from the point of excitation is half the energy input, the 
doubled corrected transmitted energy to the right of the beam, 2(Ptrans( f )r)corrected, is shown 
versus the moment input energy in Figure 8. It can be seen that both curves are in excellent 
agreement with each other, particularly at frequencies below the first zero in the force 
spectrum at 470 Hz. 
 
 
5 CONCLUSIONS 
In this paper a novel measurement technique to measure moment point mobility and the input 
energy of beams under moment excitation has been presented. The measurement technique 
employs a finite difference method of two transverse accelerometer signals to approximate the 
angular velocity of the structure at the excitation location. 
It has been shown that the measured moment point mobility follows the same trend as 
the theoretically determined infinite beam response. However, due to the fact that the 
experimental anechoic terminations do not work perfectly, a difference in curve shape 
between measured and theoretically determined moment data can be seen. 
The measurement of moment input energy is compared to a conventional input energy 
measurement technique made using measurement of force and response directly on the 
moment arms of the experimental beam. It has been shown that both results agreed well, 
especially at frequencies below the first zero in the magnitude of the force power spectrum. 
A comparison with a two accelerometer energy flow technique to measure transmitted 
energy in the far field was also presented. Using the doubled transmitted energy flow of the 
right hand side of the beam, excellent agreement between both the input energy and the 
transmitted energy has been shown. 
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